We propose the foundations of an extended Auger line-shape analysis of solids aiming to include three-hole features such as the ones due to core-valence-valence Auger decays following Coster-Kronig transitions. In transition metals, such features show up as intense high binding energy satellites of the diagrammatic corevalence-valence lines. Our theory is grounded on the full one-step approach, but to keep the complications to a minimum, in the present exploratory paper, the valence band is assumed fully below the Fermi level. In this way, explicit model calculations can be confidently based on a three-step approach. The line-shape analysis then amounts to compute a three-body Green's function, which, however, is much less known than one-and two-body ones. Our treatment covers the whole range between weak and strong correlations. Furthermore, we show that the relevant physics can be captured by a transparent, computationally simple closed formula. We find that, in general, the satellites cover separated spectral regions with three-hole multiplets, shifted and broadened two-hole features, and distorted bandlike continua.
I. INTRODUCTION
The Auger line-shape analysis is a powerful tool to understand the profiles of the diagrammatic core-valence-valence ͑CVV͒ transitions in solids, 1 although some problems are still unsolved, especially for the case of half filled valence band of strongly correlated materials ͑see, e.g., Ref. 2͒ . This subject is a textbook example of the interplay between localized ͑atomiclike͒ and delocalized ͑bandlike͒ features in the same spectrum. Of special interest is the study of the line shape of satellite lines involving three-hole final states in the sample valence band, originated by the decay of configurations with one valence hole and a core hole. These may arise, for example, from a Coster-Kronig ͑CK͒ decay of a deeper primary hole or from initial-state shake off during the deep initial photoionization.
These features of the Auger spectra have been separated from the background processes for the first time in the 1980s 3 thanks to the use of the Auger photoelectron coincidence spectroscopy ͑APECS͒, initially applied to a copper sample. In that work, the L 2 VV and L 3 VV ͑V = M 4,5 ͒ line shapes were measured in coincidence, respectively, with the 2p 1/2 and 2p 3/2 photoelectrons and the measured patterns showed the three-hole structures, usually referred to as L-LLM-MM͑M͒. 4 In later experiments, CK preceded satellites were observed in several first-row transition elements 5 and, in particular, those near the middle of the row yielded puzzling APECS spectra. [6] [7] [8] Contrary to a naive intuition and despite the core lifetime broadenings, the processes involving more than one Auger electron and more than two holes in the final state may yield, in fact, sharper features than the parent diagrammatic lines. This remarkable fact implies that the corresponding satellites must contain much valuable information on the system excitations.
In the 1990s, Lund et al. 7 and Thurgate 8 measured the APECS spectra of Ni, Fe, Co, and Ga. In all cases except Ga, intense L 2 -L 2 L 3 M 4,5 -M 4,5 M 4,5 ͑M 4,5 ͒ satellites were found. Lund et al. and Thurgate pointed out that these satellites may be expected to be atomiclike when the final-state levels are outside the three-hole continua, in analogy with the two-hole resonances. 9, 10 Thus, even in this case, the competition between kinetic and potential energies, or else between the delocalization of the first M 4,5 hole and the CK transition following the first Auger autoionization event, produces an interesting mixing of local and delocalized features. Indeed, before starting the CK decay, the spectator ͑M 4,5 ͒ hole may have been kept in place by a core-valence type of resonance long enough for producing a local three-hole final state which can remain quasiatomic or delocalize in part or completely. 11 As an example of this kind of behavior, in Refs. 7 and 8, the Co satellite shape appears narrower than the diagrammatic transition and remarkably sharper features occur in the Ni and Pd/ Ag͑100͒ spectra. 12 All that processes leading to more than two holes in the final state are clearly harder to interpret than the parent diagrammatic lines, as the increased number of actors on the stage allows and actually requires a much more involved plot. In this preliminary work, we address the CK L 2 -L 2 L 3 M 4,5 -M 4,5 M 4,5 ͑M 4,5 ͒ satellites 4 arising from closed bands, as in Zn and Cu, 13 by a model which extends the previous works on two-hole resonances. 9, 10 We extend the analysis of Ref. 3 beyond the quasiatomic case so as to include the involvement of the solid band through hole delocalization which can be accomplished by a three-hole Green's function formalism. For the sake of definiteness, we concentrate on the case of a 4 F three-hole final state term, which is written down in terms of a single determinant of one-body spin-orbitals. We are interested in qualitative features characterizing the spectrum from the viewpoint of the solid-state influence on what is primarily an atomic decay. The present work is intended to pave the way to case studies where specific spectra will be simulated and compared with experiments.
͑6͒
The Hermitian conjugate expression is also needed to complete the approximate matrix element. Reading Eq. ͑6͒ from the right, the evolution of the deep hole is followed by the Auger decay and the creation of the first Auger electron, which then evolves with the system. The second Auger electron is finally created by H A ͑CVV͒ . This is still involved, and we feel that for a first orientation in this complex problem, some further simplification can be useful at the present stage.
͒ preceded satellites were first observed long ago 13 in Zn and Cu singles Auger spectra and interpreted in an atomic picture as three-hole states whose energy is referred to an initial state with L 2 and M 4,5 holes. A similar description must hold to some extent for the open-band metals as well. If an independent-particle picture of valence states were valid, one should predict that there is ample time for the M spectator hole to delocalize before the L 3 hole decays, since the valence bandwidth is expected to be much larger than the L 3 core-level width. 15 In this case, the influence of a far-away spectator should be negligible and one should observe a normal L 3 VV decay initiated by the L 2 hole. There should be no reason to expect any narrowing of the satellite line shape, but on the contrary, one would predict a broadening due to a convolution with the L 2 core line. This broadening would, however, be small on the scale of Thurgate's pictures.
Any deviations from this result as the ones observed in Co and Ni must come from processes starting with a local M 4,5 spectator hole during the Auger decay of the L 3 hole, before the M 4,5 hole escapes and/or bounds to a resonance. For the reasons above, we expect that two-hole resonances must be involved in keeping the spectator hole on site.
Let N L denote the number of local M 4,5 valence holes. The transition that Thurgate and Lund et al. assume to cause the L 2 -L 2 L 3 M 4,5 -M 4,5 M 4,5 ͑M 4,5 ͒ satellites and that we wish to discuss here starts with a N L = 1 initial L 3 M 4,5 state and ends up into a N L = 3 final M 4,5 M 4,5 ͑M 4,5 ͒ state. The intensity of this N L =3MM͑M͒ satellite should be computed in terms of the probability of decay in the presence of a localized spectator. Short of information about the core-level width, we figure out that it is sharp. Then, the probability that the spectator ͑M 4,5 ͒ hole sticks on site may be estimated as the intensity of the split-off peak of the L 3 M 4,5 resonance. Properly because this intensity vanishes or is small unless the hole-hole interaction U is comparable with the bandwidth, one should see no change at all compared to the L 3 M 4,5 M 4,5 line shape unless we are rather close to the atomiclike limit.
In light of the above discussion, we argue that not only the ͑M 4,5 ͒ hole is unscreened but it is localized in a two-hole resonance with high probability, a property which requires strong correlation. The same spectral region should also contain intensity arising from the bandlike part of the L 3 M 4,5 resonance and contributing with a normal L 3 VV feature that will show no narrowing and will tend to broaden the sharp features and hence complicate the diagnosis. We conclude that the narrow CK line shapes observed from transition metals entail a strong contribution coming from a L 2 -M 4,5 two-
when H A ͑CVV͒ acts on the wave packet representing the state of the system. The spectral features must then be referred to an initial state energy E = ͗i ͉ H ͉ i͘. For ordinary diagrammatic transitions, the most common approximation in which the core-hole relaxes to its ground state and then decays is known as the two-step model. In this paper, we face the extra complication of a double Auger decay and we explore what could be termed a threestep model where, up to a constant,
͑7͒
The system undergoes photoionization and CK transition and gets ionized but not excited. If the valence band is closed, no intraband excitations are possible and the two-step model may be a good approximation, provided that there are no postcollisional interactions with the slow CK electron. Within the three-step model, one can compute the multiplet of final ionic states arising from the CK decay and their probabilities which provide the initial states for the final CVV decay, and each of the initial LM states gives access to a final-state MMM multiplet. The Auger spectrum is, up to a constant,
where M is the Auger matrix and ⌽ the three-hole Green's function matrix. The density of states for the MMM satellite can be obtained within the three-step model from a threehole Green's function
where the ␣'s and the ␤'s represent spin-orbital states on the valence shell of the Auger site ͑local atom͒; the average is over the hole vacuum ͉0͘, since here we specialize to the filled-band case.
B. Modeling the three-particle Green's function
As in Ref. 10 , we shall assume an Andersonlike model:
where H at is the atomic term, H S describes the solid, and V accounts for one-body hoppings between the atom and the solid. The Hamiltonian describing the solid is modeled as
We assume that a hole in the atomic state ␣ can only hop into the corresponding continuum of states ͕k␣͖, meaning that
The atomic Hamiltonian is given by the sum
where H at ͑0͒ = ͚ ␣ ␣ c ␣ † c ␣ is the one-body term and
is the screened Coulomb repulsion. This model tacitly assumes that the screening modes are fast compared to hole hopping times ͑essentially, p ӷ V k␣ , with p the plasma frequency͒; otherwise, the dynamics of polarization should be included explicitly. Below, we will obtain an integral equation for the threeparticle Green's function of Eq. ͑9͒. We denote by H 0 = H − H C the one-particle Hamiltonian. It is also convenient to introduce the short-hand notation
.., for the three-particle states localized on the Auger site and
.., for the three-particle states with two particles on the Auger site and one particle delocalized in the solid. The noninteracting three-particle Green's function is defined according to ⌽ A;B ͑0͒ ͑z͒ = ͗A͉1/͑z − H 0 ͉͒B͘. The latter can be used to generate the following Dyson equation for the interacting ⌽:
͑15͒
We now take advantage of the assumption that the band is fully occupied, and thus the equations can be closed. The insertion of the operator
and c ␥ 3 in the above equation is equivalent to the insertion of a complete set of states. Due to particle conservation, the operator I allows us to recast Eq. ͑15͒ as
In the above equation, each amplitude is a matrix in the three-particle Hilbert space of the atom, e.g.,
and the matrix U គ has matrix elements
Proceeding along similar lines, one finds the following Dyson equation for ⌽ គ k :
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IV.
F STATE
We concentrate on solid-induced features on a 4 F threehole state which has the advantage of being described by a single determinant in the atomic limit. Denoting with m =−2,−1,0,1,2 the magnetic quantum number, the atomic Hamiltonian H at = H at ͑0͒ + H C reads We restrict our analysis to degenerate atomic levels, i.e., i = 0 for all i, and to hopping integrals independent of the magnetic quantum number m, V km = V k . In the spin sector S =3/2, we have three holes in the states m = 2, 1, and 0. The only possible interactions are the diagonal scatterings ͑i , j͒ ↔ ͑i , j͒, with i , j =0,1,2, and the off-diagonal scattering ͑0,1͒ ↔ ͑2,−1͒. We then rewrite the screened Coulomb repulsion in Eq. ͑19͒ as
A. Solution for Ũ =0
This special case is useful as the simplest possible threehole model that shows the mixing of local and band features and is a counterpart of Ref. 10 .
For illustration, we start from the narrow-band limit, involving a single k state, with the Hamiltonian
Here, we take U i ϵ U. The three-hole Green's function ⌽͑z͒ is given by the ͑1,1͒ element of the inverse of z − H, which can be written as
We seek an extension of this formula to three different U i and a finite bandwidth centered at ⑀ 0 knowing that the result must be symmetric on U i . Thus, we write
where ⌺͑z͒ = ͚ k V k 2 / ͑z − k ͒. This is a strikingly good formula having the correct normalization and the Herglotz property ͑positive density of states͒; we shall see shortly that all peaks are at the correct places when compared to the numerical solution ͓useful details of the numerical treatment of Eqs. ͑16͒ and ͑17͒ are given in the Appendix͔. We will also discuss different regimes ranging from bandlike to atomiclike. The approach can be extended to more complicated cases of interest. ͑0͒ ͑all U i set to zero͒. As one can see, the approximate solution cannot be distinguished from the exact one. As expected, by analogy with the two-hole resonances, the spectra remain bandlike when ␥ ϵ U / a Ӷ 1 but the line shape is progressively distorted with increasing ␥, see panel ͑b͒. However, the intermediate cases ͓panels ͑c͒ and ͑d͔͒ show other features, and besides the distorted continuum, one can have a non-split-off two-hole resonances around ϳ U and three-hole resonances at energies of about W. For ␥ ӷ 1 ͓panels ͑e͒ and ͑f͔͒, splitoff two-hole resonances and a quasiatomic three-hole resonance develop. The two-hole resonances are not sharp but rather smeared out and their width is of the order of 2a. This is due to the bound hole that makes virtual trips in the valence band. We observe that the two-hole resonances have rather small and unequal intensities as compared to the pronounced three-hole peak and that the residual spectral weight of the original band is quite small. However, in APECS, the background is so small that weak continua can be detected, as in the case of the Cu band residuum. 3 The approximation of Eq. ͑25͒ is remarkably good. Panel ͑c͒ with all the three U's equal to half of the bandwidth ͑␥ =1͒ and a very steep dependence of the exact solution on the parameters is the only one that shows some difference. Despite this modest discrepancy in special cases, the approximation is about as reliable as the model itself can be.
B. Solution for Ũ Å 0
In the more general case of a nonvanishing off-diagonal scattering amplitude Ũ , the three-hole Green's function ⌽ is displayed in Fig. 2 for different choices of the repulsion parameters U i . The rectangular band model is used.
In panel ͑a͒, we show the results for the exactly solvable model U 0 = U 1 = U 2 = 0 and Ũ 0. Figure 3 contains the diagrammatic expansion of ⌽. We have ͑see Appendix͒ ⌽͑z͒ = ͓G P͔͑z͒, where
is the interacting two-hole Green's function while P 0 ͑z͒ = ͓G G͔͑z͒ is the noninteracting one. As one can see from 
. The values of U and are in units of a. The exact solution has been obtained with N k = 24 states. −1. We observe that this kind of scattering is not allowed if the local site is isolated due to the Pauli principle. On the contrary, hole 2 can delocalize in the solid before the collision ͑0,1͒ → ͑2,−1͒ takes place. From the diagrams of Fig.  3 , we conclude that a nonvanishing Ũ is equivalent to a dynamical effective interaction U 2 which for large z behaves like Ũ 2 / z. This explains the double two-hole resonance observed in panels ͑a.2͒ and ͑a.3͒. The same picture allows for a qualitative understanding of panels ͑b͒-͑d͒, where U i 0 and the resonance at about U 2 splits into a double resonance at energies ϳU 2 ± ͉Ũ ͉. In panel ͑b͒, we present results for small diagonal couplings U 0 = U 1 = 1.5 and U 2 = 3. For Ũ =0, panel ͑b.1͒, the spectrum exhibits a split-off three-hole peak at energy ϳW and a distorted continuum. Increasing Ũ , one sees the formation of well defined two-hole structures which eventually split off from the top and the bottom of the continuum, see panels ͑b.2͒ and ͑b.3͒. The same behavior is observed for U 0 = U 1 = U 2 = 4, panel ͑c͒, the only difference being that the continuum is completely dominated by the degenerate two-hole resonance. The strong coupling limit is considered in panel ͑d͒. One can clearly see the effect of the dynamical renormalization of U 2 . Indeed, the two-hole resonances at U 0 and U 1 are not affected by Ũ , while the one at U 2 splits into a double resonance at energies ϳU 2 ± ͉Ũ ͉, see panels ͑d.2͒ and ͑d.3͒.
A relevant feature of the above spectra is that the sharp peak of the three-hole resonance is insensitive to the strength of Ũ . This is due to the fact that the scattering ͑0,1͒ ↔ ͑2, −1͒ is forbidden if hole 2 is on the local site ͑Pauli principle͒.
V. DISCUSSION AND CONCLUSIONS
Up to now, the CK satellites have been left out of the Auger line-shape analysis and just assigned without attempting to exploit the information contained therein. Indeed, such spectral features are hard to understand due to strong correlation effects and a full theory is still lacking. This paper reports on ongoing researches aiming at the development of a proper framework to describe CK line shapes.
The so far little explored CK satellites contain information on three-hole multiplet states of the atom and on the two-hole multiplets that result when one of the holes explores the surroundings. It is worth noting that such two-hole multiplets differ widely in shape and position from those of the Auger transitions leading to two valence holes. Indeed, the peak positions are expected to be shifted compared to the diagrammatic transitions, as we discuss in the following.
In Ref. 3, the L 2 M 4,5 M 4,5 and L 3 M 4,5 M 4,5 coincidence spectra of Cu were measured and the most prominent structures analyzed using the Cini 10 and Sawatzky 16 theories for the two-hole features and atomic multiplet calculations of the CK transitions. For both these features, the atomic Slater integrals were employed. By using free-atom data, 17 they were corrected for an extra-atomic relaxation which was evaluated as R ea = 13.5 eV. Further semiempirical estimates were U = 7 eV for the d 8 1 G configuration and Q = 9 eV for the average 2p-hole-3d-hole interaction. Assuming that a representative value for the Coulomb interaction in the threehole M 4,5 M 4,5 ͑M 4,5 ͒ multiplet is 3U, and taking into account the interaction Q in the initial LM state, the three-hole feature should be at 3U − Q lower kinetic energy than the M band residuum. Its kinetic energy was estimated to be lower than the 1 G peak of the L 3 M 4,5 M 4,5 by an energy
In the case of Cu, it turned out that ⌬E ϳ 5 eV. This estimate was in good agreement with experiment, allowing for a clear-cut assignment of the spectral features. Therefore, in the interesting case 3 of the Cu L 3 M 4,5 M 4,5 spectrum, the ϳ2 eV wide two-hole satellites described in Sec. IV should be sought ϳ2U ϳ 14 eV on the high kinetic energy side of the three-hole structure, at ϳ930 eV. The weak three-hole continuum should be centered around 937 eV, where the L 2 M 4,5 M 4,5 transitions are much stronger. Unfortunately, the spectra shown in Ref. 3 do not display any two-hole feature coming from the three-particle Green's function, but we expect they should be found by increasing the APECS signal to noise ratio.
Beside the position, also the intensities predicted by the present theory can be quite different with respect to the ones usually observed in the CVV transitions. For instance, peaks corresponding to the forbidden Auger transitions can be prominent in CK satellites. Moreover, the two-hole states displayed in Figs. 1 and 2 have a broadening of the order of the bandwidth.
In conclusion, more modeling and computational work is needed in order to compare the above results with experiment, and such work is currently under way. Here, we have tried to address some simpler aspects of the theoretical problems that CK transitions pose in order to prepare the ground to a future extended theory. In particular, the extension to open bands along the lines of Refs. 18 and 19 is a challenging task for future research.
Finally, we observe that the present formalism is expected to have a wider scope, since in most of the Periodic Table one observes satellite lines like those seen in Mg, 20 which are due to shake off during the primary photoionization. 21 If the shake off produces a hole in the valence band, the Auger line-shape mirrors a three-hole valence density of states modulated by the matrix elements. The method described here for computing the local three-hole spectrum should apply to those satellites as well.
